We show that several of the classical Sobolev embedding theorems extend in the case of weighted Sobolev spaces to a class of quasibounded domains which properly include all bounded or finite measure domains when the weights have an arbitrarily weak singularity or degeneracy at the boundary. Sharper results are also shown to hold when the domain satisfies an integrability condition which is equivalent to the Minkowski dimension of the boundary being less than n. We apply these results to derive a class of weighted Poincar6 inequalities which are similar to those recently discovered by Edmunds and Hurri. We also point out a formal analogy between one of our results and an interpolation theorem of Cwikel.
Since our own results will parallel them, it is convenient to review some of the most basic embedding theorems. These results are-standard; proofs and detailed discussion may be found in the books [1,12, or 24] . THEOREM A For any bounded domain fl, < p < and q [1,p) The attempt to extend Theorems B and C to the Sobolev spaces wl'p(ft) has been a continuing project in Sobolev space theory. Only Theorem A holds on wl'p(ft) for arbitrary (finite measure) ft, the remaining theorems are not true unless additional conditions are imposed on ft. There are a bewildering array of possibilities including those satisfying various cone conditions [1, 15] or twisted cone conditions [3] , being star shaped or convex [16, 24] , having a "minimally smooth" boundary 0f [11, 27] , satisfying the segment condition [15] , being a H61der domain [26] or generalized ridge domain [14] , etc. Many of these conditions are quite technical, apparently mutually independent, and the proofs of the embedding theorems using them are not easy. One of the weakest, for at least the continuity of the embedding in Theorem B, is due to Bojarski [5] ; he requires that f satisfy the "Boman chain condition" (see [6] ). The Boman condition in turn implies that ft is a "John" domain and satisfies a "quasihyperbolic" boundary condition.
For a survey of the situation in 1979 which is still informative (see [15] ). More recent information can be found in [18] .
In this paper we are going to show that Sobolev-like embedding theorems which mimic the Theorems A and B stated above hold on all bounded as well as on a wide class of unbounded domains f if we introduce weighted Sobolev spaces or Lebesgue spaces where the weights have an arbitrarily weak singularity or degeneracy on 0f. We omit, however, consideration of Theorem C since an exhaustive treatment of weighted extensions of that theorem may be found in [9] . Many of our results resemble the weighted embeddings given in the book of Opic and Kufner [25] but with weaker conditions on 0f.
The following are some examples of our general approach. [11] .
The main contents of the paper are presented in Sections 3 and 4. Sections 3 considers the case where no regularity condition at all is imposed on 0f. Here we introduce an integrability condition "Iu+" which is satisfied by all finite measure domains as well as by certain quasibounded domains of infinite volume. We show that many weighted embeddings (including (1.4) and (1.5)) which mimic Theorems A-C exist on these domains and explore further the analogy between some of these embeddings and interpolation. Section 4 introduces another integrability condition "I" that is weaker than the usual Sobolev conditions. For bounded domains it is equivalent to the Minkowski dimension of 0' < N. It is too weak for the ordinary Sobolev embeddings (the well known "rooms and passages" example (cf. [14] ) satisfies it), but it permits the embedding WI,p () __+c__+ tq(; d/3) (1.7) for sufficiently small negative and q < p. Thus this is a strengthening of Theorem A, but at the price of a mild condition on f.
We remark finally that several of the weighted embeddings presented in this paper, especially in the case q<p, are quite easy to prove; nevertheless, they appear to be new.
PRELIMINARIES
In this section we fix notation and present certain technical lemmas required in the main body of the paper. Clearly every domain with finite measure is quasibounded but the reverse implication is not true. If this integrability condition holds for arbitrarily small #, we say that f is an (I-') domain or f E (I-'). This is to be distinguished from F, (I-) which is equivalent to f being of finite measure. (v) Let f/be the union of progressively thin adjacent rectangles aligned on the x-axis of length e and thickness 1/n. Then (3.2b ).) Let "ft" ft(1/n), and apply the reasoning leading to (3.7)-(3.10) using a bounded set A c f(1/.) for the Besicovitch part of the argument. We will end up with the equivalent of (3.5). By [12 In Cases (iii)-(iv) the 
An inductive argument will show that the same bounds hold for Lq(f) has a strong analogy to an abstract result of Cwikel [11] concerning the real interpolation method. To understand the parallelism we sketch a few of the essential ideas of the K-functional method of interpolation. For a complete treatment of the theory see [3 or It is known [27] that such a covering exists for any bounded f. Condition (iii) in particular means that there are fixed constants cl, c2 such that ClLQ d(s) 2LQ (4.1)
for any s Q. Note that we can take in (4.1) c and c 5v. Proof Our strategy will be to first obtain a Poincar6-type inequality and then derive (4.3) by means of a triangle inequality argument. Our methods are similar to those of Bojarski [5] 
